Abstract. We generalize a construction of Freudenburg and MoserJauslin in order to obtain an example of a non-linearizable action of a commutative reductive group on the affine space for every field k of characteristic zero which admits a quadratic extension.
Introduction and Summary
Let G be an algebraic group acting on the affine space A n . If G is reductive it is not so easy to find an example of such an action which is not obviously linearizable. At a time it was even conjectured that at least over an algebraically closed field k every action of a reductive group is linearizable ( [1] ).
But then Schwarz found a non-linearizable such action ( [7] ). His example is an action of the complex group O 2 (C) which is a semi-direct product of Z/2Z and the multiplicative group G m (C) ≃ C * . Related examples have been deduced, but results about commutative reductive groups remain rare. See [2] for more about these topics.
Recently, Freudenberg and Moser-Jauslin constructed an example of a non-linearizable real algebraic action of S 1 ([5] ). S 1 is a nonstandard real form of the multiplicative group G m . In this note we will go through the arguments of Freudenberg and Moser-Jauslin in order to verify that in their construction the field of real numbers can be replaced by an arbitrary field of characteristic zero with a non-trivial form of the multiplicative group. Proof. In view of the preceding results it suffices to show that each of these fields admits a non-trivial quadratic extension. For R one takes C = R[i]. For k = Q ab we recall that there exists a number field E with the quaternion group Γ as Galois group (e.g. Q ( √ 2 + 2)( √ 3 + 3) , see [4] ). The quaternion group Γ is twostep nilpotent. Hence its commutator group is a non-trivial commu-
Thus we obtain a quadratic extension EQ ab /Q ab . For all the other fields k listed above there is a discrete valuation. A discrete valuation gives in particular a group homomorphism v from the multiplicative group k * to the additive group (Z, +). Evidently an element x ∈ k * can not be a square unless v(x) is even. Therefore the existence of a discrete valuation implies that there exists a non-trivial quadratic extension.
Thus most well-known fields are either algebraically closed or admit a quadratic extension. But of course there are also fields which are neither algebraically closed nor admit a quadratic extension. For instance, let Γ be the absolute Galois group of Q and consider all group homomorphisms ρ from Γ to 2-groups (=finite groups whose order is a power of 2). Then the intersection of the kernels ∩ ρ ker ρ defines a closed subgroup H ⊂ Γ such that the corresponding (infinite) extension field L of Q is neither algebraically closed nor admits any quadratic extension.
k-forms
Here we recall some basic facts about k-forms, see [8] , Ch. 3, §1. Let k be a field of characteristic zero, K/k be a Galois extension and G a k-group. One is interested in classifying all k-groups H which are K-isomorphic to G. It is a standard result that these "k-forms of G" are classified by the Galois cohomology set
Here we are interested in the special case where G = G m is the multiplicative group. Then Aut k (G) ≃ Z/2Z, because G m admits only two automorphisms: the identity and z → 1 z
. Thus the action of Gal(K/k) on Aut k (G m ) is necessarily trivial and consequently
Hence k-forms of G m are in one-to-one correspondence with group homomorphisms from Gal(K/k) to Z/2Z and therefore in one-to-one correspondence to quadratic field extensions of k which are contained in K.
In concrete terms these k-forms of G m can be described as follows: Let K/k be a quadratic extension of fields in characteristic zero. Then there is a non-square α ∈ k such that K = k[X]/(X 2 − α). Each element z ∈ K can be written in unique way as z = x + ty where t is a fixed element with t 2 = α and x, y ∈ k. A quadratic extension is necessarily Galois and the non-trivial element of Gal(K/k) acts by z = x + ty → x − ty. Therefore the Norm homomorphism
The group of all elements z ∈ K * with N K/k (z) = 1 can now be identified with the k-rational points of the following k-group:
In the special case C/R this yields the real one-dimensional compact torus S 1 .
Let us explain the connection with Galois cohomology. Let K/k be a quadratic extension and let σ be the non-trivial element of Gal(K/k). Then the k-form described above corresponds to the cocycle mapping σ to the automorphism z → z −1 of G m . More generally, if X is a variety defined over K with an involution τ defined over k, there is a k-form Y of X associated to the cocycle σ → τ and there is a bijection Y (k) ≃ {p ∈ X(K) :
σ p = τ (p)}.
The criterion of Masuda-Petrie
Let G be a k-group and let V, W be G-modules and let Vec G (V, W ) be the set of G-vector bundles over the G-variety V such that the fiber over 0 V is isomorphic to W .
Let us assume that there exists a subgroup
I denotes the set of fixed points for the I-action on W ⊕ V .
Let E ∈ Vec G (V, W ). Apriori, triviality of E as G-vector bundle is a stronger condition than linearizability of the G-action on the total space: In the second condition all isomorphisms from E to V ⊕ W as variety may be used to linearize the G-action on E while in the first condition only those isomorphisms are admitted which preserve the vector bundle structure, i.e., are compatible with the projection on V and linear on each fiber. However, Masuda and Petrie showed in [3] that under the above mentioned additional assumption both conditions are equivalent.
Let us recall their arguments, for the convenience of the reader as well as in order to convince us that this works over any base field in characteristic zero. Assume that there is a G-isomorphism of varieties φ : E → V ⊕ W . Then E I is mapped onto V ⊕ {0}. It follows easily that the zero-section of E → V equals the fixed point set E I . Moreover it follows that φ induces an isomorphism between the respective normal bundles. But the normal bundle for the zero-section in a vector bundle is isomorphic to the given vector bundle itself. In this way we obtain a trivialization of E as a G-vector bundle.
The Schwarz action
Let G be the non-trivial semi-direct product of Z/2Z = {e, τ } with the multiplicative group G m . Then G is an algebraic group defined over Q (and therefore defined over every field K of characteristic zero).
Schwarz introduced in [7] an action of G on A 4 which is defined over Q and is not linearizable over C (and therefore a fortiori not linearizable over any field k of characteristic zero). In concrete terms it is given as follows:
We write Z/2Z = {e, τ } and define the action on
We let τ act by
Moser-Jauslin showed that the action of Z/2Z = {e, τ } can be linearized over Q (see [6] ). In concrete terms this linearization as obtained in [6] can be described as follows: φ • τ • φ −1 is a diagonal linear endomorphism where φ is the automorphism given as:
Note that φ is defined over Q. Note furthermore that the map
realizes E as G-vector bundle of rank 2 over A 2 .
A non split form of the Schwarz action
The algebraic group G and the space E = A 4 both admit an involution: On G we take conjugation by τ and on E we take τ acting as described in the preceding section. If µ : G × E → E denotes the morphism defining the Schwarz action, then
Thus this pair of involutions on G and E is compatible with the Schwarz action. Furthermore, both involutions are defined over Q. We fix a quadratic extension K/k of fields of characteristic zero and let σ denote the non-trivial element of Gal(K/k). We fix an element j ∈ K such that
2 . Now we can obtain k-forms of G, E and the action µ associated to the Galois cocycle which maps the non-trivial element σ of Gal(K/k) to the respective involution chosen above. We call these k-forms H, E 0 and µ 0 respectively.
In concrete terms this works as follows:
Since the involution τ is defined over Q, it commutes with the Galois action of any Galois group for any Galois extension K/k. We define
Using the linearization φ of the involution τ , we see that a vector
is generated by τ and those λ ∈ G m (K) = K * for which σ λλ = 1. Since τ commutes with σ • τ and E 0 (k) is the fixed point set of σ • τ , the set E 0 (k) is stabilized by τ . Next consider λ ∈ (H(k)) 0 and v ∈ E 0 (k). Then σ λλ = 1 and
Hence λv ∈ E 0 (k). Thus H(k) stabilizes E 0 (k). We underline that for the Schwarz action of G on A 4 there is one set of coordinates for which the connected component G 0 containing the neutral element acts linearly and a second, different set of coordinates for which τ acts linearly, but no coordinate set for which the whole group G acts linearly.
The k-form E 0 of E = A 4 is isomorphic to A 4 as a k-variety. We deduced this using the set of coordinates in which τ is linear. In these coordinates the G 0 -action is not linear. Therefore the H 0 -action on E 0 need not be linearizable (over k) although the G 0 -action on E is. We also remark that there is a unique fixed point 0 for H 0 on E 0 . It follows that the H 0 -action in E 0 is either not linearizable at all or is isomorphic to the induced H 0 -action on the tangent space T 0 E 0 of this fixed point.
Furthermore, the involution τ as well as the automorphism of E linearizing τ are compatible with the structure of E as a G-vector bundle, which implies that E 0 inherits this structure, i.e. is an Hvector bundle of rank 2 over A 2 .
Reduction from H to
and let τ : K 2 → K 2 be a map with the following properties:
Then there exists an element α ∈ S such that τ (x, y) = (
In particular, the map τ :
Remark. In the formulation of the above proposition S is a group acting by k-linear transformations on Proof. Condition (iv) implies that τ is bijective.
Any k-linear map between K vector spaces can be written as a sum of a K-linear and a K-antilinear map. Therefore condition (ii) implies that there are maps φ ′ , φ
The condition τ • τ = id K 2 translates into:
Condition (v) yields: It follows that φ ′ (x) = λ 6 φ ′ (λ 2 x) ∀x ∈ K, λ ∈ S (3) φ ′′ (x) = φ ′′ (λ 2 x) ∀x ∈ K, λ ∈ S (4) Condition (iii) implies that φ ′ can be written as a finite sum as soon as the H 0 -action is k-linear. However, the action of H is a k-form of the G-action on E. It follows that the G-action on E must be linearizable. This is a contradiction, because the latter action is not linearizable over C.
